A new method is described for computing the acoustic far field scattered by a submerged smooth elastic thin shell. The total field is split into a sum of specular and leaky wave contributions. The latter arise from weakly radiating membrane waves that propagate globally over the structure, and are the focus of this work. The scattered leaky wave field is expressed, via a surface Helmholtz 
by •erven• et aL,5 Nowack and Aki, 6 and Norris et al. 7 Most
applications of this technique, however, are limited to threedimensional Euclidean space. Due to the geometrical complexity, the Gaussian beam method to date has not been directly applied to the construction of the acoustic field scattered by an arbitrarily curved shell.
The objective of this paper is to determine the acoustic field scattered by a submerged shell of arbitrary smooth shape through the use of the Gaussian beam method. The principal assumption employed is that elastic wavelengths are much greater than the shell thickness but much smaller than the principal radii of curvature defined over the shell's surface. Consequently, thin shell theory and high-frequency asymptotics are directly applicable. The paper is organized as follows. Membrane my theory for thin elastic shells, developed by Norris and Rebinsky? '9 is briefly reviewed in Sec.
I. Gaussian beams are introduced and some of their basic properties on a curved surface are discussed in detail. In Sec. II, the surface integral for the scattered field is approximated by a sum of Gaussian beams, and an explicit asymptotic expression for the scattered field is derived. A numerical scheme is described in Sec. III which combines the Gaussian beam method with the pure ray method. The scheme is explicitly tested against the available analytical solutions for a submerged spherical shell. Numerical results for the acoustic far field are discussed in Sec. IlL
I. RAYS AND BEAMS ON A CURVED SURFACE
The essence of the Gaussian beam summation method is to approximate the wave field by a number of Gaussian beams, each of which is exponentially localized in the vicinity of its central ray. The central rays form the framework upon which the Gaussian beams are patched and the trajectories of the central rays are determined by the pure ray method. The foundation of the Gaussian beam approach is therefore pure and simple ray theory. We will first summarize the pertinent aspects of ray theory for thin elastic shells, and then discuss solutions in the form of Gaussian beams.
A. Review of membrane ray theory
The geometry of a smooth sbell's surface of arbitrary shape, E, can be described by two families of curvilinear coordinate curves • and •2 on E. The position vector at a point (•1,•2) is written as (1) Consider a plane acoustic wave incident upon •; in the direction n in. The wave is not only reflected in a normal or "specular" manner by the shell's surface but may also excite shell membrane waves at points where the phase of the incident wave matches to that of the membrane waves. The term "membrane wave" is used here to denote supersonic waves with displacements predominantly in the surface. They have been discussed in detail by, for example, Norris and Rebinsky? The polarization of the waves leads to weak coupling with the fluid and hence the membrane waves are only weakly radiating, or leaky. To a first approximation, the phase matching condition is nin.a3= --cos 00, sin 00= klkf,
where a 3 is the unit outward normal to E, 00 is the critical angle for the membrane wave, k/is the acoustic wave num- •:---
RiiR •_ R2r '
Note that the final term in Eq. (3) is complex, and its imaginary part accounts for the attenuation of the membrane waves through radiation loss. Although k/R•>> 1 is assumed and consequently the leading-order term in Eq. (3) is much larger than the others, one must include the fluid-loading term in the dispersion equation even in the first-order approximation; otherwise there is no attenuation. Our approach therefore is to retain the fluid-loading term in Eq. (3) when we evaluate the global phase variation (and resulting radiation loss) as the ray propagates over the shell, but ignore the fluid-loading term in the computations of the coupling curve, the ray trajectories, and the ray tube widths.
The leading-order approximation to the ray trajectories therefore follow from Eq. 
It(s) = [A](s)+itl(O)A2(s)]+iit2(O)A2( (29)
Its imaginary part follows from Eqs. (17) and (29) 
Altematively, the total scattered response can be expressed as a Helmholtz integral,
pSC(x) = f[G(x,X)a3-VpSC(X) -psc(x) a3-•G(x,X)]d•(X),
where G is the free-space Green's function,
G(x,X) = -4,rJx-XI' (48)
We will apply the Helmholtz integral to each part of p• separately in the next subsections.
A. The specular field
The specular field has been studied extensively in the last two decades. A general asymptotic expression can be found in the paper by Kachaiov, •6 who derived specular and penumbral approximations which include both bending and membrane effects. For simplicity, we neglect the bending terms in Kachalov's solution. 16 
The pressure gradient may be approximated as The following subsections discuss how the Gaussian beam method can be integrated into this existing ray-based scheme, and describes the construction of the scattered field from ray tracing.
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B. Constructing ray trajectories and ray tube widths
The ray tracing scheme outlined above can be used to obtain the central ray trajectories and the ray tube widths for a given sbell. m These quantities are independent of frequency as well as the observation directions, and there is no need to repeat the computation for every frequency or for different observation directions. [n the present scheme we first store the ray results in a data file for subsequent use in computing the scattered field at all frequencies. Obviously, one can only store the coordinates and ray tube widths for a finite number of points along a ray path. The stationary point, however, may not be one of these points. We therefore need to approximate intermediate values between two adjacent points using appropriate interpolation functions. Here, we use cubic spline functions for the interpolation.
Let i a and it, denote the numbers of two adjacent nodal points along a ray and assume, tbr simplicity, that they lie within the same patch. The intermediate values of the local coordinates between i a and it, may then be expressed as
•ti)a= F• (t)•{'•)a + F2(t)•{in}a-k F3(t)•!• + F4(t) s•(.• •)" ,
where t = (s --S(ia))/li, li = s Obl-s ½ial, Fl(t)=2t3-3t2+l, F2(t)=Fl(1-t)=-2t3+3t 2,
F3(t)=t3-2t2+t, F4(t)=F3(I -t)=t3-t 2.
It follows from the ray equations ( 
Although the roots to this equation are easy to find, in principle, numerical experience shows that some roots can be missed due to numerical errors in the ray trajectory. This is not a major problem, and can always be avoided with sufficiently close gridding. In practice, we employ an alternative strategy for finding these roots, which we describe next. We first note that the same difficulty does not occur in solving Fig. 3(b some discrepancies between the beam superposition and the exact solution, and these discrepancies tend to propagate to higher frequencies as the observation angle increases. We believe that these discrepancies are due to the simplified approximation used for the specular field, which is not uniformly valid at all observation directions. We note that the pure ray theory prediction of Ref. 1 for bistatic scattering is also not uniformly valid in all directions. Specifically, backscatter from a sphere requires special treatment because the number of rays reaching the observer goes from 2 to c• as 0•0. One can, of course, derive uniform theories to account for the transition, but they require prior knowledge of the ray picture. In contrast, the Gaussian beam method treats backscattering exactly the same as bistatic scattering, and consequently the expression for the field radiated from the membrane waves is uniformly valid for all observation directions.
3(b)-(f). Note that the observation angle in
We find that the beam solution for backscattering (0=0)
is less sensitive to the number of beams used and to numerical errors in the ray paths and the ray tube widths. This is because, in backscatter, each beam makes an equal contribution to the far field and the errors are averaged out in the Gaussian beam summation. For bistatic scattering, however, only those beams near the plane spanned by the incident and observation direction give appreciable contributions to the far field. In that case the accuracy of the beam method is more sensitive to the accuracy of individual beams and the density of the beams, or the total number of beams used.
IV. CONCLUSION
The Gaussian beam summation method is normally used to model wave propagation through nonuniform media. In this paper, we have developed the first application of the method to scattering from a wave beating object. The beams are used to model the on-surface dynamics on fluid-loaded smooth elastic shells of arbitrary shape, and also provide a natural means to calculate the scattered acoustic far field. At the same time, we have incorporated the Gaussian beam method into the ray-based scheme developed in Ref. 10. The outcome is a hybridized scheme, in which the coupling of the incident wave to the membrane waves and the subsequent wave propagation on the shelfs surface are described by pure ray theory, whereas the radiation from the surface membrane waves is determined by the Gaussian beam method.
The scheme outlined here provides a new procedure for numerically solving the scattering problem for submerged elastic shells. It is closely related to pure ray theory, but has demonstrated several advantages over the ray method. First, the surface field remains finite even at caustics, which is a common feature of the Gaussian beam method. Second, the method removes the need to perform two-point ray tracing, a task which is equivalent to finding the rays that connect the launching point and the coupling point. Finally, the beam summation automatically provides a uniform result at all observation directions. There is no need to distinguish certain observation directions, as is required using pure ray theory.
The 
